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ON INSCRIBED EQUILATERAL SIMPLICES IN NORMED
SPACES
BERNARDO GONZA´LEZ MERINO
Abstract. In this paper we prove in certain n-dimensional normed spaces X the
existence of full-dimensional equilateral simplices of large size inscribed to the unit
ball B. This extends the construction of Makeev [Mak] in dimension 4 and we also
compute an example of a space in which the idea cannot be applied.
For any n-dimensional normed space X , its equilateral dimension e(X) is the max-
imum number of pairwise equidistant points. The study of this quantity goes back to
the ’50s, see Petty [Pet] and the references therein. Danzer and Gru¨nbaum [DaGr]
proved that e(X) ≤ 2n, with equality if and only if X is isometric to ℓn∞. For the
lower bound, it is believed that e(X) ≥ n + 1 (cf. [BMP, Pet]). In the planar case,
this is a simple exercise. The cases of dimension 3 and 4 were proven by Petty [Pet]
and Makeev [Mak], respectively. In higher dimensions, there are several results about
e(X). For instance, if the Banach-Mazur distance from X to ℓn2 is at most 1 + 1/n
then Brass [Br] and Dekster [De] proved that e(X) ≥ n+ 1, and if its distance to ℓn∞
is at most 2, then Averkov [Av] (see also [SwVi]) proved that e(X) ≥ n + 1. If the
distance of X to ℓnp is small, then Swanepoel and Villa [SwVi] proved that e(X) ≥ n.
Moreover, it is known that e(X) → ∞ as n → ∞ (cf. [Br, De]), and this was quan-
tified in [SwVi] by e(X) > ec
√
log(n), for some absolute constant c > 0. Permutation
invariant spaces (cf. [Ko]) or extremal spaces for Bohnenblust inequality (cf. [BrGo,
Cor. 2.9] and [BrGo2, Rmk. 4.1]) also fulfill e(X) ≥ n + 1.
For a given sequence of subspaces H1 ⊂ H2 ⊂ · · · ⊂ Hn−1 of dimensions 1, 2, . . . , n−
1 we say that a 0-symmetric convex and compact set B ⊂ Rn has the (H1, . . . , Hn−1)
intersection property if B ∩ (x +Hi) is homothetic to B ∩ Hi, for every x ∈ Rn. ℓnp
balls, generalized symmetric prisms or doubled cones, are examples of such sets. After
a suitable rotation, we can suppose that Hi = 〈e1, . . . , ei〉, i = 1, . . . , n− 1, where ei
is the ith-canonical vector. If S ⊂ Rn is a simplex, we say that S is inscribed in B
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if S ⊂ B and the vertices of S belong to the boundary of B, ∂B. Furthermore, we
say that B has the (H1, . . . , Hn−1)-2-intersection property if it has the (H1, . . . , Hn−1)
intersection property and if Si−1 is an (i − 1)-dimensional equilateral simplex with
diameter D(Si−1) = 1 and is inscribed in B ∩ (tei + Hi−1), for some t > 0, then
(B ∩Hi) ∩ (2tei +Hi−1) = ∅, for every i = 2, . . . , n (here we assume that Hn = Rn).
When B is smooth, this additional condition relates the curvature of B and the
diameter of a suitable (n− 1)-dimensional equilateral simplex.
We also say that X has the (H1, . . . , Hn−1)(-2-)intersection property if its unit ball
B has it. Our main result in the paper is an affirmative answer to the conjecture on
e(X) ≥ n+ 1 for such spaces.
Theorem 1.1. Let X be an n-dimensional normed space with unit ball B, and let
H1 ⊂ · · · ⊂ Hn−1 be subspaces of dimensions 1, . . . , n−1. If X has the (H1, . . . , Hn−1)-
2-intersection property, then e(X) ≥ n + 1.
The idea behind has some similarities with the construction of Makeev [Mak] when
proving e(X) ≥ 5 in the 4-dimensional case. Indeed, Theorem 1.1 shows norm spaces
where Makeev’s idea admits an inductive step in the dimension. Moreover, we give
examples in Remark 2.3 of spaces where such induction cannot be done.
2. Proof of the main result
In our proof, we actually show that for spaces having the (H1, . . . , Hn−1)-2-intersection
property, something slightly stronger than Theorem 1.1 can be proven. For any
normed space X endowed with a norm ‖ · ‖, the diameter of a set A ⊂ X is given by
D(A) = sup
x,y∈A
‖x− y‖.
For any A ⊂ Rn, we let int(A) and conv(A) be the interior and convex hull of A,
respectively. We let Bn2 be the n-dimensional Euclidean unit ball.
Lemma 2.1. Let X be an n-dimensional normed space with unit ball B, and let
H1 ⊂ · · · ⊂ Hn−1 be subspaces of dimensions 1, . . . , n−1. If X has the (H1, . . . , Hn−1)-
2-intersection property, then there exists an n-dimensional equilateral simplex S in-
scribed in B with D(S) > 1.
The additional condition that D(S) > 1 turns out to be crucial in the proof. In
fact, this condition is the hidden ingredient in the proof of Makeev [Mak] of the 4-
dimensional case, where he made use of the control of the diameter of a corresponding
3-dimensional simplex. Let us also observe that S ⊂ B already implies that D(S) ≤ 2.
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Lemma 2.1 also ensures that we find a large equilateral simplex inscribed in B.
The existence of inscribed simplices is at the kernel of the problem of generalizing
a bit more this construction, and it has been largely studied (cf. [Ko2, Mak2]). Let
us briefly remark how to construct an n-dimensional equilateral simplex from a very
particular (n-1)-dimensional equilateral simplex.
Remark 2.2. Let X be an n-dimensional normed space with smooth and strictly
convex unit ball B, and let H = 〈e1, . . . , en−1〉. If there exists an (n-1)-dimensional
equilateral simplex T inscribed in B ∩H with D(T ) > 1, then e(X) ≥ n + 1.
The sketch of the proof is as follows. We let ϕ(t) be the diameter of the maximum
dilatation of T which can be inscribed in B ∩ (ten + H), for t ≥ 0, and we will
denote by Tt one of those simplices. The existence of Tt is well-known in the smooth
strictly convex case (cf. [KrNe]), but not the uniqueness (this is why we choose the
maximum). Of course, ϕ(t) is continuous, and if B ∩ (ten + H) 6= ∅ for t ∈ [0, t0],
then the strict convexity of B implies that ϕ(t0) = 0. Thus there exists t
∗ ∈ (0, t0)
such that ϕ(t∗) = 1. Hence, the simplex S = conv({0} ∪ Tt∗) is an n-dimensional
equilateral simplex.
Proof of Lemma 2.1. We prove it by induction in the dimension n ≥ 2. Let us start
observing that after a suitable rotation, we can suppose that Hi = 〈e1, . . . , ei〉, for
i = 1, . . . , n− 1.
We start with the planar case n = 2. Since B is a planar set, let us suppose
after a rescalation that ±e1 ∈ ∂B, and let M0 = [−e1, e1]. Clearly D(M0) = 2. Let
Mt = B ∩ (te2+H1) 6= ∅ for t ∈ [0, t0]. Since B is 0-symmetric, then D(M0) ≥ D(Mt)
for every t ∈ [0, t0]. Moreover, since B is convex, then ϕ(t) = D(Mt) decreases
continuously on t ∈ [0, t0]. Hence, we may have two cases: either ϕ(t0) ≤ 1, or
ϕ(t0) > 1.
In the first case, we know that since ϕ(t) is continuous, then there exists t∗ ∈
[0, t0] such that ϕ(t
∗) = 1, i.e., if Mt∗ = [x1, x2], that D(Mt∗) = ‖x1 − x2‖ = 1.
Since x1, x2 ∈ ∂B, then ‖xi‖ = 1, i = 1, 2, and thus S = conv({0, x1, x2}) gives an
equilateral triangle S ⊂ B with D(S) = 1. Moreover, since (2t∗e2 + H1) ∩ B = ∅,
then it is clear that the equilateral triangle Tt∗ = conv({x1, x2, x1+x2}) (which is the
reflexion of conv({0, x1, x2}) w.r.t. (x1 + x2)/2) has the vertex x1 + x2 /∈ B, and that
T−t∗ = conv({0,−x1,−x2}) has its vertex 0 ∈ int(B). If we consider in general Tt to
be the corresponding homothetic triangle of Tt∗ with horizontal edge inscribed in the
section (te2+H1)∩B, then by continuity there exists t′ ∈ (−t∗, t∗) such that the last
vertex of Tt′ belongs to ∂B, and thus, such that Tt′ is inscribed in B. Moreover, we
observe that now D(Tt′) > 1; otherwise, if D(Tt′) = 1, then we find that two sections
of B, B ∩ (t∗e2 +H1) and B ∩ (t′e2 +H1) (whose lengths measured w.r.t. the norm
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are 1) are exactly the same, which by the 0-symmetry and convexity of B directly
implies that B ∩H1 is also a copy of those sections, and thus, a contradiction (since
its length w.r.t. the norm is 2).
In the second case, since Mt0 ⊂ ∂B with D(Mt0) > 1, then we pick a line segment
[x1, x2] ⊂ relint(Mt0) with ‖x1 − x2‖ = 1. Once more, if S = conv({0, x1, x2}), since
‖xi‖ = 1 i = 1, 2, S is an equilateral triangle of diameter 1. Now we consider bigger
homothetic copies of S, with an edge contained in B ∩ (t0e2 + H1). By continuity,
either at some point the last vertex belongs to ∂B too (and in that case, that would
be the desired equilateral triangle) or we would end up with a homothetic copy of S
with an edge being B ∩ (t0e1+H1) and the opposing vertex still belonging to int(B).
Then, we would go on considering bigger homothetic copies of that triangle, with an
edge being equal to B ∩ (te2+H1), for t ∈ [0, t0]. It is clear that at some point before
arriving at t = 0 we get such a homothetic triangle S∗ of S, with its last vertex in ∂B,
hence being an equilateral triangle inscribed in B, with D(S∗) > 1. This concludes
the case of n = 2.
Now we prove the general case, assuming the induction hypothesis on lower dimen-
sional spaces. The idea follows essentially the same steps as the proof of the planar
case. Let us consider B∩Hn−1, which is a 0-symmetric convex and compact set, with
the (H1, . . . , Hn−2)-2-intersection property. Moreover, B ∩Hn−1 induces in Hn−1 the
same norm than the one in X . Hence, the induction hypothesis implies the existence
of x1, . . . , xn ⊂ B ∩Hn−1 such that T0 is an equilateral (n-1)-simplex with D(T0) > 1
inscribed in B ∩ Hn−1. Let Mt = B ∩ (ten + Hn−1) 6= ∅ for t ∈ [0, t0]. Moreover,
since Mt is a homothety of M0 let Tt be the corresponding homothety of T0 contained
in Mt, and whose homothetic ratio with T0 is the same than the one between Mt
and M0. Since B is 0-symmetric and convex, then ϕ(t) = D(Tt) is continuous and
non-increasing on t ∈ [0, t0]. Then, we either have that ϕ(t0) ≤ 1 or ϕ(t0) > 1.
In the first case, since ϕ(t) is continuous and ϕ(0) > 1 ≥ ϕ(t0), then there exists
t∗ ∈ [0, t0] such that ϕ(t∗) = 1, i.e., D(Tt∗) = 1. If Tt∗ = conv({x1, . . . , xn}), observe
that ‖xi − xj‖ = 1 for every 1 ≤ i < j ≤ n. Moreover, since xi ∈ ∂B, then ‖xi‖ = 1
for i = 1, . . . , n, thus St∗ = conv({0, x1, . . . , xn}) is an equilateral simplex of diameter
1. We now consider the homothetic copies St of St∗ such that they have the facet
parallel to Hn−1 inscribed in B ∩ (ten +Hn−1), for every t ∈ [−t∗, t∗]. By hypothesis,
the vertex of S−t∗ opposing the facet contained in −t∗en + Hn−1 must be outside
B (remember that the distance from this vertex to Hn−1 is exactly 2t
∗). Thus, by
continuity there exists t′ ∈ (−t∗, t∗) such that the last vertex of St′ belongs to ∂B
and thus St′ is inscribed in B. Moreover, the homothetic ratio of St′ w.r.t. St∗ is
strictly greater than 1; otherwise, having two equal sections B ∩ (t∗en + Hn−1) and
B ∩ (t′en +Hn−1), and since B is 0-symmetric and convex, would directly imply that
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B ∩Hn−1 is also a copy of the same size, and thus, a contradiction with the fact that
D(T0) > 1 but D(Tt∗) = 1. Thus D(St′) > 1, as desired.
In the second case, since Mt0 ⊂ ∂B with D(Tt0) > 1, then we select a smaller
homothety of Tt0 inside B ∩ (t0en +Hn−1), with homothety factor ρ0 < 1 and called
Tρ0 , such that D(Tρ0) = 1. If Tρ0 = conv({x1, . . . , xn}), then ‖xi − xj‖ = 1 for
every 1 ≤ i < j ≤ n, and since xi ∈ ∂B, then ‖xi‖ = 1 for i = 1, . . . , n, and thus
S∗ = conv({0, x1, . . . , xn}) is an equilateral simplex. As we did in the planar case, we
now consider bigger homothetic copies of S∗ until reaching one of them inscribed in
B. This can be done as before, in two steps. First, the homothetic copies of S∗ will
have their facet parallel to Hn−1 contained in t0en+Hn−1. In this first step, either the
opposing vertex touches at some point ∂B, and hence that is the desired inscribed
simplex, or the vertex still belongs to int(B). In such case, we would in a second
step consider bigger homothetic copies of S∗, so that the facet parallel to Hn−1 keeps
being inscribed in B ∩ (ten +Hn−1), for t ∈ [0, t0]. Since clearly the last homothetic
copy with its facet inscribed in B ∩Hn−1 would have its last vertex outside B, there
must exist some t ∈ (0, t0] such that the corresponding simplex has its last vertex
contained in ∂B, and thus it is the desired equilateral simplex inscribed in B, with
diameter larger than 1. 
Remark 2.3. If we replace in Lemma 2.1 the condition (H1, . . . , Hn−1)-2-intersection
property by (H1, . . . , Hn−1) intersection property, then the proof idea would fail if
n ≥ 3 (but would still be fine if n = 2). To see this, we show it when n = 3 and
the construction would be analogous in higher dimensions. In particular, the space
consider below gives an example of an equilateral simplex which cannot be inscribed
in the unit ball.
Let B = conv((B22 × {0}) ∪ {(0, 0,±1)}). If Hi = 〈ei〉, i = 1, 2, then B has
the (H1, H2) intersection property, but not the (H1, H2)-2-intersection property. The
triangle T = conv({(±√3/2,−1/2, 0), (0, 1, 0)}) is equilateral, inscribed in B, and
has D(T ) =
√
3. It is quite easy to check that the triangle
T ∗ =
1√
3
T +
(
0, 0,
√
3− 1√
3
)
is also inscribed in B with D(T ∗) = 1. Thus the tetrahedron S = conv({0} ∪ T ∗)
is equilateral. However, there exists no translation and homothety of S inscribed
in B, since the angle of the edges of S touching 0 with the vertical line equals
arctan
(
1√
3−1
)
≈ 0.938 is bigger than the angle of the generator segment of the double
cone [(1, 0, 0), (0, 0, 1)] with the vertical line, which is π/4 ≈ 0.785.
Furthermore, let us consider B∗ smooth and strictly convex as close as we want
from B, namely, B∗ = B + εBn2 , with small ε > 0. We can then find a tetrahedron
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S∗ close to S, also with a horizontal facet being an equilateral triangle. It is not
difficult to check that a homothetic copy of S∗ inscribed in B∗ must touch the point
(0, 0,−1)+ ε(0, 0,−1) and is arbitrarily small if ε is arbitrarily small too. This shows
that Makeev’s construction (see also Remark 2.2) cannot give an induction step in
the dimension, since in this case gives a set with D(S∗) < 1, and thus we could not
guarantee the existence of an (n-1)-simplex T inscribed in B∗ with D(T ) = 1.
Acknowledgements: I would like to thank Rafael Villa for his helpful comments and
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References
[Av] G. Averkov, On Nearly Equilateral Simplices and Nearly ℓ∞ Spaces, Canad. Math. Bull. 53
(2010), no. 3, 394-397.
[BrGo2] R. Brandenberg, B. Gonza´lez Merino, Minkowski concentricity and complete simplices, J.
Math. Anal. Appl., 454 (2017), no. 2, 981–994.
[BrGo] R. Brandenberg, B. Gonza´lez Merino, The asymmetry of complete and constant width bodies
in general normed spaces and the Jung constant , Israel J. Math., 218 (2017), no. 1, 489- -510.
[Br] P. Brass, On equilateral simplices in normed spaces, Beitra¨ge Algebra Geom. 40 (1999), no. 2,
303-307.
[BMP] P. Brass, W. Moser, J. Pach, Research problems in discrete geometry, Springer, New York,
2005.
[DaGr] L. Danzer, B. Gru¨nbaum, U¨ber zwei Probleme bezu¨glich konvexer Ko¨rper von P. Erdo¨s und
von V. L. Klee, Math. Z. 79 (1962), 95–99.
[De] B. V. Dekster, Simplexes with prescribed edge lengths in Minkowski and Banach spaces, Acta
Math. Hungar. 86 (2000), no. 4, 343-358.
[Ko2] T. Kobos, Around the Petty theorem on equilateral sets, arXiv:1305.6285, 2013.
[Ko] T. Kobos, Equilateral dimension of some classes of normed spaces, arXiv:1305.6288, 2013.
[KrNe] H. Kramer, A. B. Ne´meth, The application of Brouwer’s fixed point theorem to the geometry
of convex bodies, An. Univ. Timisoara Ser. Sti. Mat. 13 (1975), 33–39.
[Mak2] V. V. Makeev, Affine-inscribed and affine-circumscribed polygons and polytopes, Zapiski
Nauchnykh Seminarov POMI, 231 (1995), 286–298.
[Mak] V. V. Makeev, Equilateral simplices in normed 4-space, J. Math. Sci. (N. Y.) 140 (2007),
548–550.
[Pet] C. M. Petty, Equilateral sets in Minkowski spaces, Proc. Amer. Math. Soc. 29 (1971), 369–374.
[SwVi] K. J. Swanepoel, R. Villa, A lower bound for the equilateral number of normed spaces, Proc.
Amer. Math. Soc. 136 (2008), 127–131.
E-mail address : bgonzalez4@us.es
